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Response and Failure Characteristics of Internally
Pressurized Elliptical Composite Cylinders

Jennifer M. McMurray¤ and Michael W. Hyer†

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

The characteristics of the response of internally pressurized thin-walled elliptical composite cylinders, including
failure, are discussed. The in� uence of the elliptical geometry on response is illustrated by comparison with a circu-
lar cylinder. It is shown that with internal pressure elliptical cylinders tend to become more circular by exhibiting
inward normal displacements at some circumferential locations and by the existence of circumferential displace-
ments. The in� uence of material orthotropy is illustrated by considering axially stiff, circumferentially stiff, and
quasi-isotropic laminates.The results show that orthotropycan be used to counter the in� uence of the circumferen-
tiallyvaryingcurvaturebyproducingcircumferential strains atthe midcylinderaxial locationofa circumferentially
stiff cylinder that are almost independent of the circumferential coordinate, much like the axisymmetric response
of a circular cylinder. The in� uence of geometric nonlinearities is studied by inclusion of the von Kármán terms in
the strain-displacement relations, and it is shown that one of the primary effects is � attening of the ellipse in the
regions near the ends of the minor diameter. Because of varying curvature in the circumferential direction, there
can be, effectively, a stress concentration at certain circumferential locations, which are sites of failure initiation,
the exact location depending on material orthoropy. To study failure initiation, two failure criteria are considered:
the interactive Hashin criterion and the noninteractive maximum stress criterion. These criteria are used to com-
pute the pressures to cause � rst matrix cracking and � rst � ber failure. It is demonstrated that the predictions of the
two criteria are not that different, and the pressure to cause � rst � ber failure is about twice the pressure to cause
� rst matrix failure. Additionally, it is shown that matrix cracking begins in the circumferentially stiff cylinder at
lower pressures than in the axially stiff and quasi-isotropic cylinders, and the location of failure is different.

Background

C YLINDERS are often used as the idealized model for a num-
ber of important structures. Aircraft fuselages, missile cases,

submarine hulls, and tankage for storing and transporting various
liquids and gases are but a few examples. Circular cylindrical cross
sections are generally used as the basis for many of the models, and
much has been written regarding the analysis of circular cylinders.
However, future aircraft fuselage designs can depart substantially
from the normal circular cross section, and future reusable launch
vehiclescan use fuel tanks that are noncircular.Aerodynamic,struc-
tural, or payload considerationscan dictate the noncirculardesigns.
These aerospace structures can also be idealized as cylinders, but
with noncircularcross sections.Because � ber-reinforcedcomposite
materialsare often the material of choice for aerospaceapplications,
becauseofweightanddesign� exibility,it is logicalto considercom-
positematerialsfor fuselageand fuel tankapplications.In both cases
failure in the sense of catastrophicmaterial failure is important, but
also, failure in the sense of leakage of the cylinder wall as a result
of matrix cracking can be important. This paper examines the fail-
ure of internally pressurized noncircular cylinders by considering
cylinders of elliptical cross section. Failure is addressed by using
a � rst-ply failure approach. Although � rst-ply failure analysis does
not imply catastrophicmaterial failure or leakageproblems, a study
of failure at this level does bring to light the in� uence of noncir-
cular geometry and material orthotropy on the general response of
composite cylindersand, in particular,the in� uenceon stresses.Ad-
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ditionally, because an in-depth study of failure of composite cylin-
ders where a signi� cant percentage of the � bers have failed must
consider a progressive failure analysis, a study of failure at this ini-
tial level is an important stepping stone for more advanced failure
analyses.Elliptical cross sections are consideredbecause analytical
expressions can be written to represent the geometry of the cross
section. It is felt that many of the conclusions reached for the case
of elliptical cross sections also hold for more general noncircular
cross sections. A recent survey by Soldatos1 cataloged past work
in the area of noncircular cylinders. There is no need to reiterate
that review here except to say that work in the area of failure of
noncircular composite cylinders is practically nonexistent.

The sections that follow de� ne the speci� c problem being ad-
dressed. The geometry, boundary conditions, and general nomen-
clatureare introduced.The semi-closed-formsolutionused to obtain
numerical results is outlined. The character of the response of an
internally pressurized elliptical cross-sectioncylinder is discussed.
Then, the use of two failurecriteria to predict � rst matrix failureand
� rst � ber failure is described. One criterion is an interactive crite-
rion, and the other is noninteractive.The pressure level, mode, and
location of failure for each criterion are determined and compared.
Finally, an alternativeview of the failure analysis is considered.

Problem Description
The problem considered consists of the cylinder described in

Fig. 1, with 2a, 2b, and L denoting,respectively,the major diameter,
minor diameter, and length of the cylinder reference surface. The
degree of ellipticity e is de� ned here as the ratio b=a, and C de� nes
the circumference of the reference surface. The wall thickness of
the cylinder, which is assumed to be thin walled, is denoted by H
and the internal pressure by po . The displacement of the reference
surface in the axial x direction is denotedby uo.x; s/, that in the cir-
cumferentials directionby vo.x; s/, and that in the directionnormal
to the referencesurface by wo.x; s/. Transverse shear deformations
are ignored. The upper part of the cross section is referred to as the
crown, the lower part as the keel, and the sides as the sides. It will
be assumed that the cylinder ends are clamped to a rigid end plate or
bulkhead,which can move axially.Accordingly, clamped boundary
conditionsare applied to each end of the cylinder,with the exception
of allowing the end at x D CL=2 to translate uniformly in the axial
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Fig. 1 Problem description, nomenclature, and geometry of an ellipti-
cal cylinder.

direction with displacement 1. The end at x D ¡L=2 cannot move
axially in order to restrict axial rigid-bodytranslation.Formally, the
boundary conditions at the ends of the cylinder (x D §L=2) are

uo D 0 @ x D ¡
L

2
; uo D 1 @ x D C

L

2
(1a)

vo D 0 (1b)

wo D 0 (1c)

@wo

@x
D 0 (1d)

The end displacement 1 is determined by enforcing axial equilib-
rium of the end enclosure at x D CL=2, namely,

Z C

0

Nx ds D po¼ab (2)

where Nx is the axial force resultant within the cylinder (to be de-
� ned shortly) and the cross-sectional area of the ellipse is ¼ab.
Physically, Eq. (2) states that the net axial force caused by the in-
ternal pressure times the cross-sectional area of the end enclosure
must be balanced by the net axial force caused by the axial force
resultant. These boundary conditions correspond to those that will
be experiencedby planned experimentswith small-scale cylinders.
The ends are to be potted into grooves in thick endplates.

Solution Approach
The solution procedure begins with the expression for the total

potential energy of the cylinder, namely,
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The pressure loading does not change directions with cylinder
deformation. The force and moment resultants in Eq. (3) are
de� ned by
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where³ is the through-thicknesscoordinatewithin thecylinderwall.
As seen from the form of Eq. (4), only symmetric and balanced lam-
inates are being considered. The reference surface strains and cur-
vatures in the energy expressionare related to the reference surface
displacements by
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Note that the radius of curvature being a function of s in "o
s is

what makes this problem different than that of a circular cylinder
and the Donnell shell theory is being used. The underlined terms
in Eq. (5) denote the geometric nonlinearities considered. These
are the von Kármán approximations to the fully nonlinear strain-
displacement relations that are included here when the effects of
geometricnonlinearitiesare to be considered.Donnellshell theoryis
felt to be adaquate compared to, for example, Sanders’s theory,
because the circumferential displacement term in Sanders’s theory
vo.x; s/=R is expected to be outweighted by the circumferential
gradientof the normal displacement,and thegradientsof the inplane
displacements are not expected to be excessive.

With the radius of curvature varying circumferentially,a closed-
form solution to the problem is not easily found. Accordingly, an
approximate solution is sought, and here one where the role of the
important material and geometric parameters in the problem can be
indenti� ed furtherintotheanalysisthanwith, say, apurelynumerical
approach. To begin the approximate solution, the circumferential
variation of the inverse radius of curvature is expanded, in a method
suggested by Marguerre2 in a cosine series, such that

1
R.s/

»D
IX

i D 0

a4i cos
4i¼s

C
(6)

where the coef� cients a4i are constants, which depend on the spe-
ci� c cross-sectional geometry (diameters 2a and 2b) and I is the
number of terms needed to properly represent the variation of the
inverse radius of curvature. In conjunction with the Kantorovich
method, the dependence of the reference surface displacements on
the circumferentialcoordinateis approximatedby a harmonicseries
using a form inspired by the inverse radius of curvature, namely,
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where M and N determinethe numberof terms in the variousseries.
For an isotropic elliptical cylinder, sine terms would not be neces-
sary for uo.x; s/ and wo.x; s/, whereas cosine terms would not be
necessary for vo.x; s/. The presence of the bending stiffness terms
D16 and D26 makes inclusion of these terms necessary.

Substituting the displacementsof Eq. (7) into the strains and cur-
vatures of Eq. (5), and these, in turn, into the stress and moment
resultants of Eq. (4), integration of the energy expression with re-
spect to s can be performed explicitly. The integrand of the energy
expression is then dependent on the coef� cients in Eq. (7), which
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are only a function of x . As a result, the energy expression can be
written symbolically as

¼ D
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In Eq. (8) the yi .x/ represent the functional coef� cients in Eq. (7),
and ( )0 representsdifferentiationwith respect to the axial coordinate
x . Although the integrand in Eq. (8) is also a function of cylinder
geometry, material properties,and the pressure, these quantities are
constants that would not be involved in a variational process. Ac-
cordingly,equating the � rst variation of the total potential energy to
zero resultsin the Euler–Lagrangeequationsfor the yi .x/ and the as-
sociated variationallyconsistent boundary conditions at x D §L=2.
The boundary conditionsof Eq. (1) translate into specifying values
of yi .x/ and y 0

i .x/ at x D §L=2. De� ning intermediate variables in
order to reduce the system to � rst-order form, it is possible to obtain
a set of couplednonlinear � rst-orderordinarydifferentialequations,
which are integratedby the � nite differencemethod using the Inter-
nationalMathand StatisticalLibrary (IMSL)subroutineDBVPFD,3

a variable-order, variable-step-sizealgorithm employing Newton’s
method. By rendering the governing Euler–Lagrange equations to
� rst-order form, various derivatives of uo , vo , and wo are directly
availablefor computing referencesurfacestrains and curvaturesand
force and moment resultants. More importantly, stresses as a func-
tion of x , s, and ³ can be computed. It has been found that using
I D 7 in Eq. (6) and N D 7, M D 4 in Eq. (7) yields satisfactory re-
sults.More about the solution scheme and its accuracycan be found
in Ref. 4.

Character of the Response
Thoughultimateinterestwith ellipticalcylindersis forapplication

to aircraft fuselage structures and reusable launch vehicles, initial
experimental work will take place in the laboratory with small-
scale cylinders. The displacement, strain, and stress response of
these smaller cylinders must be understood before studies of large-
scale cylinders can commence. To that end, in the present study
numerical results will be shown for eight- and nine-layer graphite-
epoxy cylinders with major diameters of 0.254 m, ellipticities of
0.7, and lengths of 0.318 m. The material and geometric properties
of a layer of graphite epoxy are taken to be
E1 D 130:0 GPa; E2 D 9:70 GPa; G12 D 5:00 GPa

À12 D 0:300; h D 0:1400 mm (9)

Fig. 2 Effect of elliptical geometry on the displacements.

where h is the thickness of a single layer. The laminates considered
are quasi isotropic, [§45=0=90]S; axially stiff, [§45=02=901=2]S;
circumferentially stiff, [§45=902=01=2]S, where 0 deg is the axial
direction. These layups were selected because each has at least one
layer with its � bers in the axial direction, at least one layer with its
� bers in the circumferentialdirection,and §45-deg layers. Eight or
nine layers is a reasonable number from the point of view of man-
ufacturing the small-scale cylinders by hand on elliptical mandrels.
The study of one value of ellipticity is perhap limiting, but it is all
that is necessary to demonstate the in� uence of elliptical geometry
relative to a circular geometry.For that purposethe axial, circumfer-
ential, and normal displacement responses of an elliptical cylinder
subjected to internal pressure can be contrasted with those of a cir-
cular cylinder by referring to Fig. 2. For this comparison the quasi-
isotropic laminate is chosen, and a geometrically linear analysis is
used.The displacementshavebeen nondimensionalizedby the lam-
inate thickness H . An internalpressureof po D 0:690 MPa is used to
compute the results.The format of the Fig. 2 illustrates the response
of one-eighth of the cylinder. The coordinate locations have been
normalized, and, referring to Fig. 1, the range of 0 · x=L · 0:5 and
0 · s=C · 0:25 is considered. Because of the presence of D16 and
D26, the problem does not exhibit octant symmetry. However look-
ing at only one-eighthof the cylinderprovidesa fairlyaccuratedetail
of the response and simpli� es displaying the results. Implementing
symmetry and antisymmetry arguments for various responses, the
response for the remainder of the cylinder can be envisioned.

Regarding the axial displacement, for an internally pressurized
circular cylinder the axial displacement would be the net result of
the pressure forcing the end enclosures apart and the Poisson effect
causedby circumferentialexpansionpulling them together.Because
for a circular cylinder the problem is axisymmetric, the result is an
axial displacement that varies in near-linear fashion with the axial
coordinateindependentof s. Recall from the boundaryconditionsof
Eq. (1) that the axial displacementwould be zero at x=L D ¡0:5. At
x=L D C0:5 the axial displacementwould be determinedby Eq. (2).
Because of the nearly linear variation with x for the circular case,
the axialdisplacementat x=L D C0:5 would be approximatelytwice
the value at x=L D 0. As seen in Fig. 2, for the elliptical cylinder the
axial displacementresponse is not axisymmetricand is far from be-
ing linearwith x . Along the crown of the ellipticalcylinders=C D 0,
the axial displacement is positive, while along the side s=C D 0:25
the axial displacement is actually negative at certain axial loca-
tions. Because the axial displacement changes signs with spatial
location, there are some locations besides x=L D ¡0:5, where the
axial displacement is zero. The axial displacement at x=L D 0 is
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practically independent of s, as it is at x=L D C0:5, and the axial
displacements at these two locations differ by a factor of two, as
they would for the circular case.

For balanced symmetric laminates an internally pressurized cir-
cular cylinder has no circumferentialdisplacement response. How-
ever, as shown in Fig. 2 the elliptical case shows circumferential
movement away from the sides and toward the crown and keel of
the cylinder, a response that clearly distinguishesan elliptical cylin-
der from a circular one and one that has consequences at the ends
of the cylinderwhere displacementsare constrained to be zero. The
existence of circumferential displacements also has consequences
if circumferential stiffeners are used, as the cylinder wall would
tend to shear in the circumferential direction relative to the stiff-
ener. Figure 2 illustrates another distinguishingdifference between
circular and elliptical cylinders. With internal pressure the normal
displacement of a circular cylinder would be outward everywhere.
In contrast, under internal pressure the elliptical cylinder moves
outward at the crown and keel, but moves inward at the sides. The
cylinder tends to becomemore circular.This also has importantcon-

Fig. 3 Effect of elliptical geometry on the axial force resultant.

Fig. 4 In� uence of orthotropy on the circumferential strain.

sequences at the ends of the cylinder and would have consequences
in the presense of circumferential stiffeners.

The spatial variations of the three components of displacement
lead to strains, curvatures, and force and moment resultants that
vary with circumferential, as well as axial, location. For example,
the axial force resultant, shown in nondimensional form in Fig. 3
for thequasi-isotropiccase, is compressiveat certaincircumferential
locations, much as the axial displacement is. This behavior is not
what would be expected in the presence of internal pressure. In.
Fig. 3 the nondimensionalaxial force resultant NNx is the axial force
resultant divided by poa.

To demonstrate the in� uence of orthotropy, or lamination se-
quence, the normalized circumferential reference surface strain N"o

s
is considered.Here the strainsare normalizedby the circumferential
strains that would occur in a circular quasi-isotropiccylinder of di-
ameter 2a subjected to the same pressure.As seen in Fig. 4, particu-
larly theupper-leftsub� gure, thedegreeto which thecircumferential
strain varies with the s coordinate at the midspan is determined in
large part by the laminate considered. As is well known, the cir-
cumferential strain for a circular cylinder has no variation with the
s coordinate, independent of lamination sequence. Figure 4 sug-
gests that at midspan the circumferentiallystiff laminate mitigates,
to a certain degree, the effect of ellipticity, as the strain does not
vary as much with s there as it does with the other two laminates.
Speci� cally, the circumferentialstrain varies by 58% around the cir-
cumference for the axially stiff case, by 44% for the quasi-isotropic
case, and by 30% for the circumferentially stiff case. Therefore, it
appears that the percentage of � bers in the circumferential direc-
tion in an elliptical cylinder controls the degree of variation with s
of the circumferential strain at midspan. This suggests that allow-
ing the character of material orthoropy to vary with circumferential
position, i.e., allowing the � ber angles to vary with circumferen-
tial position, can provide a means to counter the in� uence of the
curvature varying with circumferential position.

To demonstrate the in� uence of geometric nonlinearities,nondi-
mensionalizedcircumferentialcurvaturefor the quasi-isotropiccase
is considered.The differencesbetween linearandnonlinearanalyses
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Fig. 5 Effect of geometric nonlinearities on the circumferential curvature.

are easily visible in Fig. 5. (The nondimensionalizationfactor is not
relevant to the point to be made.) In the midspan region for the non-
linear analysis case, there is a signi� cant � attening along the crown
of the cylinder.

Failure Analysis
As the circumferential variation of cylinder response appears to

depend on orthotropyas well as the varying curvature, it is dif� cult
to pinpoint where failure will occur. The circumferential gradients
in the responseproducewhat could be consideredlocationsof stress
concentrationfor the noncirculargeometry. These stress concentra-
tions can be considered potential sites of failure initiation. For a
circular geometry there would be no preferredcircumferentialloca-
tion where failure would initiate.Rather, failure would be controlled
by imperfections in the material caused by irregularities in the mi-
crostructure (broken � bers, wrinkled � bers, resin rich regions) or
anamolies in the manufacturing process (ply gaps, ply overlaps,
misaligned plys, etc.). Therefore, a consideration of failure is of
value when studying elliptical cylinders. To that end, the Hashin
and maximum stress failure criteria are used to evaluate failure ini-
tiation by considering geometrically linear and nonlinear analyses
and axially stiff, quasi-isotropic, and circumferentially stiff cylin-
ders. The failure criteria are used to assess the mode of failure (e.g.,
tensile or compressive � ber or matrix modes), the location of fail-
ure, and the pressure at failure. An interactive and a noninteractive
criterion are considered for the purpose of studying the importance
of stress interaction on failure predictions.

The interactive Hashin failure criterion5 and the noninterac-
tive maximum stress failure criterion6 are both based on one-
dimensional uniaxial and shear failure stresses, which are denoted
as follows: ¾ C

A is the tensile failure stress in the � ber direction; ¾ ¡
A

the compressive failure stress in the � ber direction (absolute value);
¾ C

T the tensile failure stress transverse to the � ber direction; ¾ ¡
T the

compressive failure stress transverse to the � ber direction (absolute
value); ¿T the transversefailure shear stress; and ¿A the axial failure
shear stress. For graphite epoxy typical values of the failure stresses
are as follows:

¾C
A D 1:482 GPa; ¾ C

T D 50:0 MPa; ¿A D 100:0 MPa

¾ ¡
A D 1:241 GPa; ¾ ¡

T D 200 MPa; ¿T D 100:0 MPa (10)

The failure modes of the Hashin criterioncan be denotedas follows.
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In the preceding the subscripts 1, 2, and 3 on the stresses denote
principalmaterialcoordinatesystemstresses,conventionalnotation.
The normal stress ¾3 has been ignored because it is much smaller
than theother two normalstresses,but the interlaminarshearstresses
have been retained, as they could be important at the ends of the
cylinder. The cylinder is assumed to be safe from failure if all four
left-hand sides of Eqs. (11–14) are less than unity, and failure is
assumed to have occurred if any one of the four left-hand sides
equals unity. The failure modes of the maximum stress criterion can
be denoted as follows.

Tensile modes (¾1, ¾2 > 0):

¾1

¯
¾ C

A < 1; ¾2

¯
¾ C

T < 1 (15)

Compressive modes (¾1, ¾2 < 0):

¡¾1

¯
¾ ¡

A < 1; ¡¾2

¯
¾ ¡

T < 1 (16)

Shear modes:

j¿23j=¿T < 1; j¿13j=¿A < 1; j¿12j=¿A < 1 (17)

With this form of the failure criterion, the cylinder is assumed to be
safe from failure if all seven of the left-hand sides of Eqs. (15–17)
are less than unity, and failure is assumed to occur if any one of the
seven left-hand sides equals unity.

To make use of either failure criterion, computation of the in-
plane and interlaminar shear stresses in the principal material coor-
dinate system is necessary.The computationof the in-plane stresses
follows the standard approach of classical lamination theory. Com-
putation of the interlaminar stresses is more complicated.Here, for
the geometrically linear case the equilibrium equations of elasticity
were integrated through the thicknessof the cylinderwall, using the
in-planestressesderivedfromclassicallaminationtheoryas input,to
obtain expressions for the through-thickness interlaminar stresses.
For the geometrically nonlinear case the equilibrium equations of
elasticity are quite complex compared to the linear case. Therefore,
as an approximation,the interlaminar stresses for the geometrically
nonlinear case were computed with the geometrically linear equa-
tions of elasticity, but using as input the in-plane stresses derived
fromclassical laminationtheoryand includinggeometricnonlinear-
ities. Background studies with circular cylinders, for which closed-
form information is available,even for the nonlinearcase, indicated
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Table 1 Failure pressure, location, and mode for elliptical graphite-epoxy cylinders, geometrically linear and nonlinear
analyses, two failure modes, two failure criteria

Axially stiff Quasi isotropic Circumferentially stiff

Case Matrix Fiber Matrix Fiber Matrix Fiber

Hashin
Linear

p f , MPa 0.896 1.669 0.903 1.579 0.738 1.569
Locationa 1/1 (C45) 9/2 (C45) 1/1 (C45) 8/2 (C45) 7/2 (90) 9/2 (C45)
s=Cb ¡0.07, C0.43 ¡0.08, C0.42 ¡0.07, C0.43 ¡0.07, C0.43 ¡0.25, C0.25 ¡0.06, C0.44
Mode C¾2 ¡¾1 C¾2 ¡¾1 C¾2 ¡¾1
¾· =¾" 3.3/1 1.25/1 4/1 1.3/1 0.33/1 1.25/1

Nonlinear
p f , MPa 0.931 1.862 0.924 1.800 0.724 1.710
Locationa 1/1 (C45) 9/2 (C45) 1/1 (C45) 8/2 (C45) 7/2 (90) 9/2 (C45)
s=Cb ¡0.09, C0.41 ¡0.11, C0.39 ¡0.10, C0.40 ¡0.10, C0.40 ¡0.25, C0.25 ¡0.26, C0.24
Mode C¾2 ¡¾1 C¾2 ¡¾1 C¾2 C¾1
¾· =¾" 2.7/1 1.2/1 2.2/1 1.2/1 0.38/1 0.59/1

Maximum stress
Linear

p f , MPa 0.938 1.669 0.938 1.579 0.738 1.569
Locationa 1/1 (C45) 9/2 (C45) 1/1 (C45) 8/2 (C45) 7/2 (90) 9/2 (C45)
s=Cb ¡0.07, C0.43 ¡0.08, C0.42 ¡0.08, C0.42 ¡0.07, C0.43 ¡0.25, C0.25 ¡0.06, C0.44
Mode C¾2 ¡¾1 C¾2 ¡¾1 C¾2 ¡¾1
¾· =¾" 3.3/1 1.25/1 2.86/1 1.3/1 0.33/1 1.25/1

Nonlinear
p f , MPa 0.965 1.862 0.958 1.800 0.724 1.834
Locationa 1/1 (C45) 9/2 (C45) 1/1 (C45) 8/2 (C45) 7/2 (90) 9/2 (C45)
s=Cb ¡0.09, C0.41 ¡0.11, C0.39 ¡0.10, C0.40 ¡0.10, C0.40 ¡0.25, C0.25 ¡0.09, C0.41
Mode C¾2 ¡¾1 C¾2 ¡¾1 C¾2 ¡¾1
¾· =¾" 2.3/1 1.2/1 2.2/1 1.2/1 0.38/1 1.28/1

aLocation is given as layer number/interface, where 1 is the innermost layer and 1 denotes the inner and 2 the outer interface. The � ber direction of the layer
is shown in parenthesis. 0± is the axial direction.
bFailures occur at x=L D §0:5. Table is for x=L D C0:5: s=C D 0 is crown, s=C D §0:25 are sides, C D circumference, and s D arclength measure.

that the through-thicknessshear stresses computed by this approx-
imate method agreed well with the stresses computed from a three-
dimensional geometrically nonlinear � nite element analysis. Fur-
thermore, the backgroundwork indicated there was little difference
between the through-thicknessshear stresses computed by a three-
dimensionalgeometricallylinearanalysisand the stressescomputed
by the same three-dimensional analysis but including geometric
nonlinearities. In light of this background work, the approximate
method was felt to be justi� ed and certainly avoided the computa-
tions associated with a three-dimensional� nite element analysis.

To compute the predictedfailurepressureusing the geometrically
linear theory,the analyseswere conductedusingan internalpressure
po of 0.690 MPa. The left-handsides of the two failure criteria were
then evaluated as a function of axial, circumferential,and through-
thickness location within the cylinder wall. For each criterion the
left-hand side that was closest to unity identi� ed the failure location
and failure mode. The pressure to cause failurewas then determined
by scaling the 0.690 MPa.

Two issueswere immediatelyobviousfrom the geometricallylin-
ear failureanalysis.First, the interlaminarstressesdid not contribute
to failure. The interlaminar stress components were much smaller
than the in-plane components, and although the interlaminar failure
stresses are small, the interlaminar components contributed little to
the polynomialsof the Hashin criterionand did not play a role in the
maximum stress criterion. Second, both the Hashin and maximum
stress criteria predicted � rst failure to be caused by in-plane ma-
trix failure, i.e., matrix cracking, caused primarily by tensile stress
perpendicular to the � bers, ¾2 . Because the � rst matrix crack is not
generally catastrophic, it was felt important to look at other failure
conditions. Therefore, the pressure to cause � rst � ber failure was
also computed. Ignoredwas any degradationin propertiescausedby
further matrix failures occurring before � ber failure. This step was
felt to be justi� ed in light of the � ndings of a study,7 which showed
that for a pressurizedquasi-isotropicellipticalcylinder the � rst � ber
failurepressurewas only 4% lower when material propertydegrada-
tion causedby matrix crackingwas consideredcomparedto the case
of when it was ignored. Additionally, the location of failure was the
same. Obviously, when pressure levels are high enough to produce

signi� cant amounts of � ber failure, further � ber failure predictions
would depend on material degradationfrom previous � ber failures.
However, because the mechanics of pressure containment, through
the use of a liner or bladder, would have to be included to consider
signi� cant amounts of � ber failures, these pressures levels were not
part of this study.

The upper quarter of Table 1 summarizes the � ndings of the ge-
ometrically linear analyses for the three laminates and the Hashin
failure criterion.The table shows the failure pressure p f , the failure
location, the failure mode, and the ratio of the bending component
of the stress at the failure location ¾· to the in-plane component of
stress there ¾" . All failures are predicted to occur at two circumfer-
ential locationsat each end of the cylinder,but Table 1 is for the end
x=L D C0:5. As can be seen from the upper-leftportionof the table,
for the axially stiff cylinder matrix failure occurs at 0.896 MPa at
the inner interfaceof the inner layer, i.e., loc D 1/1. In this particular
instance the term inner interface is somewhat misleading because
there is no interface between layers at the inner interface of layer 1,
the inner C45-deg layer. The inner interface of layer 1 is the inner
radial location of the cylinder wall. Circumferentially, failures oc-
cur about one-quarterof the distance from the crown, or keel, to the
side (s=C D ¡0:07 and s=C D C0:43; see Fig. 1). Failure is caused
by high tensile stresses perpendicular to the � bers in the plane of
the layer, i.e., C¾2 . In this particular situation the component of ¾2

caused by bending effects is 3.3 times larger than the component
of ¾2 caused by in-plane effects. Because failure occurs at the ends
of the cylinder, large bendingeffectsare to be expectedas a result of
the bendingboundarylayersthere.For � rst � ber failurea pressureof
almost twice the level is required, 1.669 MPa, and the mode of fail-
ure is � ber compression, i.e., ¡¾1. The � ber failures occur in layer
9, the outer layer, at interface 2, the outer interface, i.e., the outer
radius of the cylinder. This is a shift from the inside of the cylin-
der for matrix failure to the outside for � ber failure. The effect of
bending is also reduced for the � ber failure. There are not failures at
four symmetric s=C locations,e.g., s=C D C0:07 for matrix failure
and s=C D C0:08 for � ber failure, because of the lack of material
symmetry about the s=C D 0 location, i.e., D16 6D 0 and D26 6D 0. It
was mentioned earlier that Figs. 2–5 showed the response for only
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one octant of the cylinder strictly for convenience, not because of
symmetry of response.

An a priori prediction of the circumferential location of failure
would probably not include s=C D ¡0:07. Perhaps s=C D 0 or 0.25
would be the predicted location. It is felt the existenceof circumfer-
ential displacements vo , as shown in Fig. 2, is partially responsible
for s=C D 0 or 0.25 not being the location. At the cylinder ends vo

is restrained to be zero, requiring an in-plane shear force resultant
Nxs to achieve this. The transformationof the in-plane shear effect
of Nxs into the principal material directions of the §45-deg layer
leads directly to a stress component ¾2 . This adds to the magnitude
of ¾2 in these off-axis layers. Interestingly, Nxs is quite small at
s=C D 0, 0.25, 0.50, and 0.75, the locationsof geometric symmetry,
and has extreme values roughly halfway between these circumfer-
ential locations.The increasedvalue of Nxs away from the locations
s=C D 0, 0.25, 0.50, and 0.75 is felt to be responsiblefor failure oc-
curingaway from the lines of geometricsymmetry for this particular
laminate.

The failurecharacteristicsfor thequasi-isotropiccylinderare sim-
ilar to those for the axially stiff cylinder.The location of failure, the
near doubling of the pressure to produce � ber failure, and the shift
from an inner location for matrix failure to an outer location for
� ber failure are all similar. The character of failure for the circum-
ferentially stiff cylinder is somewhat different than the other two.
The pressure to cause matrix failure is lower, and the failure lo-
cations are different. Matrix failure occurs in a layer outside the
referencesurface, layer 7, a 90-deg layer, at the sides of the cylinder
s=C D §0:25. At that location bending effects are not as important
as in-plane effects, as indicated by the ratio of 0.33/1. An exami-
nation of the details of the deformations of the ellipse (not shown)
reveals that at the crown and keel bending deformations are more
pronounced than at the sides, and so the reduced role of bending
effects at the sides of the cylinder is not surprising. Also, layer 7 is
closer to the reference surface, a locationwhere there are less bend-
ing effects than, say, at layer 9. For � ber failure for the circumfer-
entially stiff cylinder, � ber compressive failure is again the mode,
and this occurs at the outer radial location in layer 9, a C45-deg
layer. The circumferentiallocation is again about one-quarterof the
distance from the crown to the side.

To compute the failurepressureusing the geometricallynonlinear
analysis, iteration was used, each iterationusing a different internal
pressure. The � rst step in the iteration process was the same as for
the failure analysis for the geometrically linear case, namely, the
analysis was conducted for a pressure of po D 0:690 MPa. Then,
considering the maximum stress criterion as an example, the seven
left-hand sides of the failure criterion were computed, and using
po D 0:690 MPa the predicted failure pressure p f was computedby
scaling. The geometricallynonlinear analysis was conducted again
using this predicted failure pressure, i.e., now po was the failure
pressurepredictedfrom the � rst step.The seven left-handsideswere
again computed and were used to compute a new failure pressure.
This procedurewas repeated until the calculationswere considered
converged to the failure pressure. A similar iteration procedurewas
used for the Hashin criterion and the four left-hand sides in that
criterion.

The second quarter of Table 1 summarizes the � ndings of the
nonlinear analyses for the three laminates and the Hashin failure
criterion. Considering the axially stiff case, it is seen that relative
to the geometricallylinear analysesgeometric nonlinearitieslead to
slightly higher failure pressures, e.g., for matrix failure 0.931 MPa
vs 0.896 MPa. As in the linear case, for matrix failure the tensile
stress component¾2 is responsible for failure, and for � ber failure a
compressive ¾1 is responsible.For both matrix and � ber failure the
through-thickness locations are identical to the linear case, and the
circumferential location of failure moves just slightly away from
the crown and keel. The ratio of the bending component of stress
to the in-plane component is slightly lower for the geometrically
nonlinear case. This is believed to be caused by the � atteningeffect
caused by geometric nonlinearities. The comments for the axially
stiff cylinder apply to the quasi-isotropic cylinder. Regarding the
circumferentially stiff case, although geometric nonlinearities do
not appear to signi� cantly in� uencematrix failure, they do in� uence

� ber failure predictions. The predicted mode changes from � ber
compression for the linear analysis to � ber tension for the nonlinear
analysis.Additionally,the locationfor the nonlinearanalysis is near
the sides as opposedto being in the crown and keel areas.The reason
that the linearandnonlinearanalysesdonot agreefor the � ber failure
condition is that in the Hashin criterion for tensile � ber failure the
shear stress ¿12 is involved. For the nonlinear analysis the value of
¿12 is greater than for the linear analysis, and the values of tensile
¾1 and ¿12 near the sides of the cylinderoutweigh the high values of
� ber compression stress in the crown and keel regions.

The bottom half of Table 1 is a summary of using the maximum
stress criterion to predict failure. An examination of the maximum
stress criterionpredictionreveals that many entriesare similar, if not
identical, to the Hashin criterion prediction. For the matrix failure
the stress component ¾2 is so dominant that the Hashin criterion
reduces, in effect, to the maximum stress criterion. The additional
terms in the Hashin criterion have little in� uence. For � ber com-
pression failure the Hashin criterion is identical to the maximum
stress criterion so that the entries are the same in those cases. The
primarydifferenceoccurswith � ber failure for the circumferentially
stiff cylinder. Whereas with the nonlinear analysis the Hashin cri-
terion predicts � ber tensile failure at the outer radial location near
the sides, for the reasons just discussed, the maximum stress crite-
rion prediction using the nonlinear analysis is similar to the linear
analyses for both the Hashin and maximum stress criteria, namely,
� ber compression at the outer radial location in the crown and keel
regions. Overall, however, it appears that stress interaction is not
overly important in the cases studied here.

Alternate View of Failure Predictions
With composite materials there is often scatter in the results from

tests designed to determine failure stresses. Considering the failure
stress of a composite material to be exactly a certain level is some-
what unrealistic.The scatter is caused by the aforementionedunpre-
dictable irregularitiesin the microstructureof compositesand possi-
ble anomalies in the manufacturingprocess.As a result, the location
with the highest stress might not fail � rst. A slightly lower stress at
another location, coupled with a microstructural irregularity, could
lead to lower failure stress levels. To that end, the geometrically
nonlinear failure analysis was used to compute the locations within
the ellipse where the seven left-hand sides in the Hashin failure cri-
terionwere within 20%of the failure level, i.e., the left-handsidesof
Eqs. (11–14)were in the range0.80 to 1.00,with 1.00 corresponding
to the cases discussed in Table 1 Figures 6–8 show these locations
for the axially stiff, quasi-isotropic,and circumferentiallystiff lam-
inates, respectively. The location of � rst failure, i.e., matrix failure
from Table 1, is also shown. The stresses were evaluated using
nonlinear analysis at the matrix failure pressure p f . In each � g-
ure a greatly distorted, and � attened, view of the crown section
of the cylinder wall through the thickness from ¡0:5 · ³=H · 0:5
and around the circumferencefrom ¡0:25· s=C · 0:25 providesa
visualdisplayof the points within 20% of failure.All of thesepoints
are at the clamped end of the cylinder x=L D 0:50.

Referring to Fig. 6, as indicated in Table 1, the maximum left-
hand side value, or initial failure point, for the axially stiff case is
located at the � rst layer, a C45-deg layer, at the inner radial location
of the cylinder at s=C D ¡0:09. Considering points where the left-
hand side is less than1.00, thepointsare dispersedcircumferentially
on both sides of the initial failure point in the � rst layer at the inner
radial location. There are also points on both sides of the interface
between the � rst and second layers. An alternative interpretationof
the spatialdistributionof thepoints is that if the pressureis increased
beyond the value to predict � rst failure then there will be failure at
another location.Further increases in pressure would lead to failure
at other locations. It is felt that the geometric distribution of points
in Fig. 6 would represent the progressionof damage as the pressure
increases beyond the value necessary to have the Hashin criterion
to equal 1.00. If this interpretation is correct, then matrix cracking
will accumulate in layer 1 at the inner radial location (³=H D ¡0:5)
in the range ¡0:16· s=C · 0. There will also be cracking in layer
2 at the interface between the � rst and second layers. All of these
failures would be caused by high values of ¾2 . Though cracking
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Fig. 6 Points within 20% of failure criterion equaling unity: axially
stiff laminate, nonlinear analysis, x/L = 0:5, Hashin criterion.

Fig. 7 Points within 20% of failure criterion equaling unity: quasi-
isotropic laminate, nonlinear analysis, x/L = 0:5, Hashin criterion.

Fig. 8 Points within 20% of failure criterion equaling unity: circum-
ferentially stiff laminate,nonlinearanalysis, x/L = 0:5, Hashin criterion.

can begin at one interface or the other, because the stresses vary
linearly through the thickness of a layer the crack probably would
propogate entirely through the layer. Further increases in pressure
would lead to more matrix cracking. Though in the strictest sense
matrix crackingwould lead to material degradationthat would lead,
in turn, to a redistribution of stresses, effects not included here, it
is felt that Fig. 6 provides a reasonable indication of how matrix
failure would progress.

Figure 7 shows similar matrix failure patternsoccur for the quasi-
isotropiccase,althoughthere are some matrix failuresat outer radial
locations (C45-deg layer). The circumferentiallystiff case in Fig. 8
is different. Using the “progression of matrix cracking” interpreta-
tion for the locations of the points, it is seen matrix failure spreads

from the two initial points at the sides and moves toward the crown
(s=C D 0) along the interfaces between layers 6, 7, 8, and 9 and at
the outer radial location.

Two issues must be kept in mind when considering Figs. 6–8.
First, at some pressure level matrix failure will progress axially as
well as circumferentially. Properly accounting for material degra-
dation can show this happens before there is signi� cantly more cir-
cumferentialprogression.Second, because the matrix failuresat the
locations shown in Fig. 6, for example, represents cracks through
the entire thicknessof the layers there are contiguouscracks through
the two inner layers. The internal pressureis thus developinga leak-
age path through the cylinder the wall, an undesirable condition.

Conclusions
Presentedhas been a discussionof the responseand initial failure

of internally pressurized elliptical composite cylinders.The results
demonstrate qualitatively and quantitatively the stress concentra-
tion effect of the noncircular geometry and the role of material or-
thotropy in governingcylinder response. Though a single degree of
ellipticity has been studied, the effects discussed are felt to be gen-
eral. It has been shown that for ellipses the displacement response
is characterized by the existence of circumferential displacements
and inward normal displacementsat some circumferentiallocations.
Compared to the axisymmetric responseof a circular cylinder, there
is considerablevariation of the displacements, strains, and stresses
components with circumferential location. The variation of these
quantities is a function of the orthotropy of the cylinder, and it was
shownthat thecircumferentialstrainsatcylindermidspanvariedless
with circumferentiallocation for the circumferentiallystiff cylinder
than for the axially stiff or quasi-isotropiccases. Thus material or-
thotropycan be used to some extent to mitigate,or counter,theeffect
of the noncircular geometry. It was also shown that the inclusion
of geometric nonlinearities tends to � atten the crown. The study of
failure revealed that the failure characteristics of the axially stiff
and quasi-isotropiccylindersare similar and occur at similar failure
pressures, whereas the failure characteristics of the circumferen-
tially stiff cylinder are different than the other two cases and failure
occurs at a lower pressure. In all cases the pressures to cause � rst
� ber failure are about a factor of two greater than the pressures to
cause � rst matrix cracking.Moreover, the maximum stress criterion
generally predicts results similar to the Hashin criterion, indicating
stress interactioneffectsare not important for � rst matrix failureand
� rst � ber failure for the cases studied. Except for � rst matrix failure
for the circumferentially stiff case, nonlinearities lead to slightly
higher failure pressures and slightly different failure locations. For
� rst matrix failure for the circumferentiallystiff case, nonlinearities
result in slightlylower failurepressuresbut the same failurelocation.
Finally, the alternative view of failure suggests that a leakage path
caused by matrix cracking can develop at speci� c and predictable
locations as a result of the stress concentration effects associated
with the noncircular geometry. Though small-scale elliptical cylin-
ders have been considered, it is felt that the conclusions reached
here can be extended to larger elliptical cylinders and, for example,
oval cylinders. If, however, the radius of curvature varies rapidly
over a small circumferential distance, such as with a square cross
section with rounded corners, then an extension of the conclusions
will most likely not apply.

Future activities should consider pressure levels to cause a sig-
ni� cant amount of � ber failure and the acompanyingdegradationof
material properties.This complicates the analysis considerablyand
dictates the use of an alternative analysis procedure, such as � nite
element analysis. Also, the in� uence of residual stresses caused
by curing should be evaluated, particularly if the cylinders are to
be used for cryogenic tankage, a situation where the temperature
change relative to the cure temperature of the graphite epoxy is
quite large.
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